I(X~[R":/TXE(x)/>~)I~(c/~2"'("+'))IE(, n > 2.
The constant c does not depend on E or A.
This means that the operator T is restricted weak type at the index 2n/(n + 1). Using a well-known interpolation result due to Stein and Weiss [6] , we may use our theorem above and the trivial estimate )( Tf Ill < c 11 f (I2 and by interpolation on the space (IF iS(r rn-' dr)"" obtain the result of Herz. The method of proof parallels our earlier result on Legendre polynomials (11.
MULTIPLIER FOR THE BALI.
IY
There is another motivation for our theorem and it comes from restriction phenomena for the Fourier transform. For functions which are compactly supported and for (xl large, one roughly has.
Thus iff(x) is radial,f(x/jxj) . IS a constant and the question of weak type at 2n/(n + 1) is quickly seen to be connected with the estimate.
s 'I ' being the surface of the sphere in n dimensions. It is easy to see that the inequality above fails for arbitrary radial functions thus explaining the result of (5 1, but does hold whenf(x) = K~:(x) and x,.(x) radial.
Before we begin with the proofs we note that given a set E c r)", such that x,.(x) is radial we may consider it to be a set i? in (0, co) equipped with the measure r" -'dr, i.e., With a slight abuse of notation we shall henceforth denote J!? by E itself. We also need the following basic estimate for the Bessel functions.
Here c depends only on the order m. This may be found in 16 1 or ( 7 1.
To prove the theorem we begin with the following lemma.
LEMMA.
For any set E c (0, co),
(17 t I) 211
. 0 i
Proof. We rewrite the integral on the left as,
.r* !, xF(r) r-('~ I"' r" ' dr.
Now we note that r-'"-')'2 E L(2n/(n -l), co) with respect to the measure r"-' dr. We may thus apply Theorem (4.5) of 14) to obtain the conclusion of the lemma. Q.E.D. xf(r) rni2 dr.
Let I, = {r: 2k < r < Zk+' }. We decompose XE(r) as follows. Let fl,k(r>=xE(r)x(r < 2k-1)3 f2,k(r)=xE(r)x(2k-'
Gr < 2k+2)y and .h,k@)= XE(r) X(r > 2k+2). Note now that,
We further decompose (2) by noting that the right side above is contained in, In view of (7) and because the Zk's are disjoint, the right side above is bounded by, But, Now.
X i N(fZ,k(r)rqn'7)
I J,, ,,,,(2nr))(s)j'" tn . 'I ds.
Using the M. Riesz inequality for the Hilbert transform the last term is bounded by, But the expression above is bounded by,
The last inequality follows because the supports of fZ.r(r) have bounded overlaps and lie in the sets (Y: 2k-' < r < 2ki ' ). We now estimate CT --ci 1 (SE I,: j C,(s), > CA}; in a similar fashion. Now. x (H(f2,k(r) rn'2 J,,z(2nr))(s)~2"""+ ') ds.
Thus by the M. Riesz inequality the expression above is bounded by, By bounded overlaps again, the last term is bounded by, cIE\A~~~'("+ I). Thus all three terms in (8) may be bounded by c (E( A-2n'(nt '). This proves the theorem. Q.E.D.
